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Abstract 

New fundamental mathematical structures are introduced by the triples (left semistruc- 
ture, right semistructure, bisemistructure) associated with the classical mathematical struc- 
tures and such that the bisemistmctures, resulting from the reciprocal actions of left semistruc- 
tures on right semistructures, are composed of bielements which are either diagonal bielements 
or cross bielements. 



Introduction 



The existence of mathematical symmetric semiobjects (or semistructures) , being for example 
semigroups, semirings or semimodules, is directly related to the generation of two symmetric 
left and right n -dimensional affine semispaces Wl and Wr , localized respectively in the upper 
and lower half spaces, from a polynomial ring A = k[xi, . . . ,Xn] over a number field k of 
characteristic . 

It is then shown in chapter 1 that a mathematical structure can be split into two sym- 
metric (disjoint) left and right semistructures referring (or localized in) respectively 
to the upper and lower half spaces. 

But, a left and a right semistructure interact throughout the existence of a bisemistructure, which 
leads to consider the triple (left semistructure, right semistructure, bisemistructure), 

associated with a given mathematical structure and verifying the following lemma: 

Lemma: the right and left symmetric semistructures of a given structure operate on 
each other by means of their product giving rise to a bisemistructure in such a way 
that its bielements be either diagonal bielements or cross bielements. 

Remark that a diagonal bielement can be defined with respect to a diagonal bilinear basis while 
an off-diagonal bielement can be developed according to an off-diagonal bilinear basis. 

This concept of bi(semi) structure appears clearly in the endomorphism of a central 
simple algebra B by its realization throughout the enveloping algebra — B(^B°^ , 
defined from the tensor product of this algebra B by its opposite algebra B°^ . 

It is also the case in the Lcfschctz trace formula referring to the endomorphism of a complex of 
hypercohomology RT{X,L) ; where L is a complex of sheaves on X , which can be calculated 
according to classes of cohomology on X x X [G-I] . 

In this perspective, it is perhaps not innocent to remark that a matrix is basically a bilinear 
object and that the representation space of an algebraic group of matrices GL(n, M) is a vectorial 
space of dimension [B-T] , [D-G] , [Bou] . 

Fundamental semistructures and bisemistructures, then introduced and defined in chap- 
ter 2, are: 

• left and right semigroups and bilinear semigroups. 

• left and right monoids and bimonoids. 

• left and right semirings and bisemirings. 

• left and right semifields and bisemifields. 



1 



• left and right semimodules and bisemimodules. 

• inner product bisemispaces, among which bihnear Hilbert semispaces. 

• left and right semialgebras and bisemialgebras. 
The fundamental triple is {G l, G r, G rxl) where: 

• Gl (resp. Gr) is a left (resp. right) semigroup under the addition of its left 
(resp. right) elements (resp. gn^ ) restricted to (or referring to) the upper (resp. lower) 
half space. 

• Grxl is a bisemigroup, or a bilinear semigroup, such that its bielements 
(ffHi X 9Li) be submitted to the cross binary operation according to: 

GrxL2LGrxL > GrxL 

{9Ri X 9Li)2ii9Rj X 9Lj) > i9Ri+ 9Rj)>^{9Li+ 9Lj) 

leading to cross products {gR^ x ql^) and {gR. 'X gLi) ■ 

Thus, the cross binary operation x^, responsible for the bilinear character of Grxl , generalizes 
the concept of (semi)group Grxl by sending pairs of right and left elements cither in diagonal 
bielements {gR^ x gL^ and {gR. x gij) or in cross bielements {gR^ x and {gR^ x gij ■ 
The bilinear semigroup Grxl = Gr x Gl is thus a generalization of the direct product Gr xGl 
of the (semi)groups Gr and Gl since, in this case, only diagonal bielements are generated. 

Another important triple is {Ml,Mr,Mrxl) where: 

• Ml (resp. Mr) is a left (resp. right) i?^ -scmimodule Ml (resp. -semimodule Mr) 
over the left (resp. right) semiring Rl (resp. Rr). 

• Mrxl = Mr X Ml — Mr 'SirhxRl is a Rr X i^^ -bisemimodule over the bisemiring 
RrxL = Rr X Rl , i-e. an additive abelian bisemigroup. 

The i?itx-L-bisemimodule Mn^R^y^R^ Ml splits naturally into: 
Mr ®Rji^^ Ml - {Mr Ml) + {Mr ®od Ml) 

where: 

• {Mr®l> Ml) is a diagonal i^i^xi/ -bisemimodule of which bielements are expressed 
in a diagonal bilinear basis {e^ ® /a}a ) € ^R ■> fa € Ml ■ 

• {Mr ®oo Ml) is an off-diagonal Rrxl -bisemimodule over Rrxl of which biele- 
ments are expressed in an off-diagonal bilinear basis {ca (8> fi3}a^p ■ 
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This leads us to introduce mixed product Rji X Rl -bisemispaces Mr (E) endowed 
with bihnear functions [.,.] from Mji x Ml into Rr x : they can be extended, diagonal or 
off-diagonal mixed product bisemispaces Mr (g) Ml , Mr d Ml or Mr 0o d Ml according as 
the considered linear basis is complete, diagonal or off-diagonal. 

These mixed product bisemispaces become external left (resp. right) product bisemispaces 

by the projection of the -semispace Mr (resp. i?^ -semispace ) onto the i?^ -semispace 
Ml (resp. i?^ -semispace Mr). And, if every covariant (resp. contravariant) element of the pro- 
jected Mr (resp. Ml ) onto Ml (resp. Mr ) is mapped onto the corresponding contravariant 
(resp. covariant) element, then these external left (resp. right) product bisemispaces are trans- 
formed into corresponding left (resp. right) inner product bisemispaces. It is then 
shown that the left (resp. right) diagonal inner product bisemispace is a left (resp. right) sepa- 
rable bilinear Hilbert semispace being in one-to-one correspondence with the classical separable 
linear Hilbert (semi) space. 

The last proposed fundamental triple is {Al,Ar,Ar Al) where: 

• Al (resp. Ar) is a left (resp. right) i^i -semialgebra (resp. -semialgebra) over the 
left (resp. right) (division) semiring Rl (resp. Rr). 

• Ar^Al is a Rr X i?/, -bisemialgebra which is a biscmiring Arxl such that the pair 
iARxL,+) is an unitary i?ijxL -bisemimodule equipped with the bilinear homomorphism 

fJ'R,L ■ ArxL><_ArxL > ArxL 

where x^ is the cross binary operation allowing to generate off-diagonal bielements. 

This enables to introduce a bisemialgebra of Hopf given by the triple ((Aj^(p) ^ Al), 
{Al{p) AR),Sb) where: 

a) (Aij(p) <8) Al) (resp. {Al[p) (8) Ar) ) is a left (resp. right) bisemialgebra in such a way that 
^R{P) (resp. Al[p)) is the right (resp. left) semialgebra Ar (resp. Al) projected onto 
Al (resp. Ar). 

h) Sb : ^ii(p) Al ^ ^l{p) ^ antipode mapping bijectively the left bisemialgebra 

■^R{P) ® Al onto the right bisemialgebra ^l(p) <8) Ar . 

Working with bisemialgebras thus allows to define very clearly the antipode Sb and its inverse 

Chapter 3 is devoted to the study of concrete bisemistructures, under the circumstances bilinear 
algebraic semigroups and bisemischemes. 

In conclusion, I would like to emphasize that bisemistructures are richer than the corre- 
sponding classical structures by the existence of cross bisemisubstructures. 
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On the other hand, bielements arise naturally. For example, consider the conjugation action 
of a subgroup if on a group G given by {h, x) ^ h x , y h £ H , x G G . In the case 
of bisemistructures, we would have to consider the conjugation biaction of a subbisemigroup 
Hr X Hl on the bisemigroup Gr x Gl given by {Hr x HliXr x xl) — > xl xr Hr, where 
hR = hj} , XLe gL, xrE gR, Hl e Hl , HrE Hr. 

In this philosophy of bisemistructures, the left semistructure acts on the corresponding 
right semistructure and vice versa giving a better visibility to their endomorphisms 

and to some bisemistructures involving internal structural endomorphisms, as for example the 
antipode map in the (bisemi) algebra of Hopf. 

Finally, in this context, the metric, the scalar product, the norm, the invariant bilinear forms of 
Lie groups [Sch3],. . . get a new ontological meaning: this is tied up to the fact that, in a given 
(bisemi)structure, only the left semistructure is generally observable in such a way 
that the (tensor) product of this left semistructure by the opposite right (dual) hid- 
den semistructure constitutes the only mathematical manageable (bisemi)structure 
corresponding to the objectivable reality [Pie2]. 
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1 Origin of semistructures and bisemistructures 



1.1 Origin of semiobjects 

The existence of mathematical symmetric semiobjects (or semistructures) results 
essentially from classical algebraic geometry. 

Let A = k[xi, X2, ■ ■ ■ ,Xn] be a polynomial ring at n indeterminates over a global number field 
k of eharaeteristie . A solution of the system of polynomial equations Pn{xi, . . . ,Xn) = of 
the ideal II of k[xi, . . . , x„] is an n-tuple (ai, . . . , an) ■ 

But the existence of the ideal In of k[xi, . . . ,Xn] , composed of polynomial equations 
P^(— xi, . . . , —Xn) = , provides solutions which arc negative n -tuples (— fli, . . . , —an) ■ Thus, 
the set of zeros of II^ Ir = {Pi_i{xi,X2, ■ ■ ■ , x„) U P^(— xi, . . . , —Xn) \ Pij.{W) = 0} is an affine 
n -dimensional space W which can be split into two symmetric semispaces Wl and Wr in such 
a way that: 

• W = WlUWr; WLr\WR = ^. 

• Wl is an affine n -dimensional semispace restricted to the upper half space. 

• Wr is the affine n -dimensional semispace, symmetric to Wl , restricted to the lower half 
space and disjoint of Wl ■ 

So, the consideration of a general polynomial ring k[xi, . . . ,Xn] allows to generate the union 
Wr U Wl of two symmetric right and left n -dimensional afHne semispaces Wr and Wl ■ 

1.2 On the necessity of considering bisemiobjects 

On the other hand, in the case of number fields, the "total" (closed) algebraic extension of the 
number field k will be the union F = FrLI Fl of two symmetric (closed) algebraic extensions 
Fr and Fl referring, for example, respectively to the sets of negative and positive roots of the 
polynomial ring k[x] . 

So, taking into account that: 

1. a left T„(FL)-semimodule T'^'^\Fl) (resp. right r^(FR) -semimodule T^'^\Fr)) is gen- 
erated under the left (resp. right) action of the upper (resp. lower) triangular group of 
matrices Tn{FL) (resp. r^(PR) ) according to [Piel]: 



Tn{.) ■ Fl 
(resp. r*(.): Fr 



^ T^'^HFl) , 



also noted Vl 



also noted Vr ). 



2. the (bilinear) algebraic (semi)group of matrices: 



GL„(Pr X Fl) = T^Fr) X r„(Pi) , 
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written in function of the Gauss bilinear decomposition, generates the afRne bisemis- 
pace T(")(Fij) T^''\Fl) = Vr ^FrxFi^ (as it will be developed subsequently), 

it appears clearly that a bisemiobject (or a bisemistructure) , resulting from the (tensor) product 
of a left semiobject (or semistructure) by its symmetric right equivalent, must also be envisaged: 
this leads us to consider triples: (Vr, Vl, Vr ®p^y.p^ Vl) and, more generally, triples of struc- 
tures (right semistructure, left semistructure, bisemistructure) because right and left symmetric 
semistructures "interact" by means of bisemistructures, as stated in the following lemma: 

Lemma: the right and left symmetric semistructures of a given structure operate always on each 
other by means of their product giving rise to a bisemistructure in such a way that its bielements 
be either diagonal bielements or cross bielements. 

Proof : Let us only say that a bisemistructure is basically a bilinear semigroup GrxL (as it 
will be developed subsequently), such that: 

a) the right and left symmetric semistructures are semigroups Gr and Gl under the addition 
of their respective elements. 

b) the bielements of this bilinear semigroup split into diagonal bielements or cross bielements 
according to the cross binary operation of Grxl (see definition 2.1.2). ■ 



Let us remark that the consideration of triple of structures reminds the construction of pure 
motives on algebraic varieties embodied in their groups of classes of cycles [Gro]. Indeed, a 
pure (Chow) motive is essentially a pair {X,p) where X is a n -dimensional smooth projective 

variety and p G covv^{X,X) = CH^"(X x X) ~ — is the projector of the Chow ring 

CH^"'(X X X) of the group Z'(X x X) of algebraic (bi)cycles on {X x X) by the subgroup 
Zl^^{X X X) rationally equivalent to [Mur]. 

Most of bisemiobjects, which are (bilinear) products of semiobjects, proceed gen- 
erally from the bilinear structure of matrices. In this respect, every endomorphism of a 
central simple algebra B can only be handled throughout his enveloping algebra -B^ = B^^B""^ , 
where B°p denotes the opposite algebra of B ; indeed, in that case, we have that: 

B" !^ Endp(5) « End^(F") « MniF) (*) 

where A^„(F) , being the set of (n x n) matrices over the field F , is a central simple algebra 
over F [F-D]. 

If an object is then envisaged as a bisemiobject, it becomes clear from the preceding reflection on 
endomorphism that every endomorphism of a (semi) object, describing the variations of the 
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internal algebraic (and/or geometric) structure of this one, can only be realized throughout 
the (tensor) product of this semiobject with its ("opposite") symmetric equivalent. 

Indeed, the isomorphisms (*), transposed in the case of a central simple semialgebra A over Fl 
(which will be defined in a next section) associated with left semiobjects, become: 

= ^ ®F«xF, ^ End^«xF,(^ X ^°") ^ End^«xF,((^R >< PlT) ^ GL^iFn x h) 
with the evident notations. 

1.3 Definitions: algebraic bisubsets and bipoints 

Assume that the two symmetric semistructures are the right and left n -dimensional afHne semis- 
paces Vr and Vl ■ 

• A simple left (resp. right) subset of Vl (resp. Vr ) is: 

1. a one-dimensional irreducible closed algebraic subset F\ (resp. FJ^ ) (see 
notations of [Piel]) characterized by the Galois extension degree: 

[F+:fc] = [F+:fc]=Ar 

3 3 

which is an algebraic dimension. 

2. a simple (irreducible) left (resp. right) A; -semimodule, interpreted in [Pie2] as a left 
(resp. right) algebraic quantum. 

• A simple bisubset of Vr 0p^^p^ Vl is an irreducible closed algebraic bisubset 

(-P_i X L) F^ ) characterized by the Galois extension bidegree (which is an algebraic dimen- 
sion): 

[F+:k]xn[F+:k] = N 

3 3 

referring to a "diagonal" product ( x £) ) where the off-diagonal components are not taken 
into account. 

• An element of an irreducible closed algebraic left (resp. right) subset e Fl (resp. € 

Fr ) is an algebraic left (resp. right) point (0, . . . , aj^, . . . , 0) (resp. (0, . . . , — a^, . . . , 
0) ) or a component of a left (resp. right) point of Vl (resp. Vr). 

• A diagonal bielement of an irreducible closed algebraic bisubset (F_i Xd F^) is an al- 
gebraic diagonal bipoint (0, . . . , (— a^) Xd (a^), ... ,0) or a component of a diagonal 
bipoint of Vr (8> Vl . 
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• An ofF-diagonal biclcmcnt of an off-diagonal closed algebraic bisubsct x OD F i ) is an 
algebraic off-diagonal bipoint (0, . . . , (— 6fc) ^ODick), • • • > 0) characterized by a nonzero 
bilinear "off-diagonal" component (from which the notation " Xqd" refers to an off-diagonal 
product). 

Remark that 

(F+ X F+) = (F+ xdF+) + (F+ xod F+) 

""j '"i ""j '"j '^3 

as it will be shown in the following. 

• A diagonal algebraic bipoint of the affine bisemispace (Vr (g)^^^^^ Vl) is given by 
the n-bituple {—a\ Xd ai, . . . , —a^ x d ak, ■ ■ ■ , —an x d an) while a a general algebraic 
bipoint of {Vr ®f^^p^ Vl) is described by the n^-bituple 

(-ai X/j ai, . . . , -ai Xqd an, 
— 02 Xod ai, . . . , —02 Xqd an, 

—an Xqd ai, . . . , —an Xd an) ■ 

1.4 Definitions: geometric bipoints 

• A general geometric bipoint of (Vr ®p^^p^ Vl) is a general algebraic bipoint 
given by the v? -bituple (— oi x^ ai, . . . , —a^ Xqd aj, . . . , —an x o an) , I < i,j < n , 
together with the additional geometric -bituple (gu, . . . , 5^ , . . . , gnn) where the 
gij are the components at this bipoint of the metric tensor g of type (0, 2) with respect to 
a bilinear basis {(cj (g) ej)}ij in such a way that the gij = g{ei, ej) are the scalar products 
of the basis vectors. 

• On the other hand, if the right semispace Vr is projected onto the left semispace 
Vl generating the bisemispace (Vrp ^^^^^^ Vi) , then a general geometric bipoint 
of {Vrp (8)i^^xFi ^l) will be given by: 

1) the algebraic v? -bituple: (oi X/j ai, . . . , Oj Xqd aj, . . . ,an Xd an) where: 

Pfl^L(z) : -ai )• +ai , V 1 < ? < n , 

is the map projecting the i-th right coordinate —a^ of the general algebraic bipoint 
of (Vr ®p^^p^ Vl) into the i-th right coordinate +ai of the corresponding algebraic 
bipoint on {Vrp ®p y,p Vl). 
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2) the additional geometric n'^ -bituple {g^, . . . , gj , . . . gH) where the gj are the 
components at this bipoint of the metric tensor of type (1, 1) with respect to the 
bilinear basis {(e, (8 e^)}ij in such a way that gj = g{ei, e^) . 

This geometric bipoint of (Vrp ^FuxFl identified with a classical 

geometric point of Vl which is characterized by: 

1) the algebraic n -tuple (ai, . . . , a^, . . . , a„) . 

2) the additional geometric n^-bituple {gu, ■ ■ ■ , gij, ■ ■ ■ , gnn) of which components are 
those of the symmetric metric tensor of type (0, 2) . 

• Similarly, if the left semispace Vl is projected onto Vr generating the bisemispace 
(^R ®^^xFi ^Lp) , then a general geometric bipoint of (Vr (8)^^^^^ ^Lp) will be given 

by. 

1) the algebraic -bituple: ((— ai) Xd (— ai), . . . , (— a^) xqd (— Oj), ■ ■ ■ , (— On) Xd 

(-««)) • 

2) the additional geometric -bituple [gl, . . . , g^, . . . , g^^) where the gj are the compo- 
nents of the metric tensor of type (1, 1) at this bipoint. 
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2 Fundamental semistructures and bisemistructures 



Right and left semistructures and the corresponding bisemistructures will now be recalled or 
introduced. The notation L, R means "left" or "right" . 

2.1 The bilineeir semigroup Grxl 

2.1.1 Definition 

A left (resp. right) semigroup Gl (resp. Gr), noted in condensed notation Gl,r, is 
a nonempty set of left (resp. right) elements 5^. (resp. ^i?. ), localized in (or referring to) the 
upper (resp. lower) half space, together with a binary operation (addition or multiplication) on 
Gl,r , i.e. a function Gl,r x Gl,r Gl,r (mostly, additive case) or Gl,r x Gl,l Gl,r 
(mostly, multiplicative case) which is associative: 

(ql, X gLj) X = gi, X {gL^ x Ql^) , 9^,91^,91^ ^ Gl 
(resp. {gR^ x gR.) x gn^ = y^, x {gR. x gR^) , 9Ri,9Rj,9Rk ^Gr). 

2.1.2 Definition 

The bilinear semigroup Grxl , also called bisemigroup, referring to the semigroups Gr 
and Gl, is defined by the bilinear function 

Gr X Gl > Grxl 

{9Ri,9Li) > {9Ri xgLi) 

a) sending pairs {gRi,gLi) of symmetric elements, localized in (or referring to) the lower and 
upper half spaces, to their products (^r. x gLi) ■ 

P ) submitted to the cross binary operation " X " : 

GrxlxGrxl Grxl defined by: (^r. x gL^xigRj x gLj) 

> {9Ri +9Rj)x i9Li + 9Lj) 

in such a way that cross products {gR^ x gL^) and {gR. x gLi) , resulting from the 
bilincarity of Grxl , could be generated. 

Indeed, the development of {gR^ + gR.) x {gLi + 9Lj) gives 

{9R^ + 9Rj) X {gL, + 9Lj) = {9R^ x gij + {gR, x gi^) + {gR, x gi^) + {gR, x gij 
where (^i?. x 5^.) and {gR. x gL^) are "diagonal" bielements. 
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But, as the elements gji. , g^. , g^i. and g^. are simple (i.e. non composite), they can only 

appear once in the cross binary operation {gR^ x gLi)^{gRj x QLj) ■ 

So, a left or right element in {qr. + qr. ) X (31^. + ql^ ) appears: 

a) either in the diagonal products (^r. x gL^) and {gu- x g^.) of right and left elements, 
i.e. in "diagonal" bielements. 

b) or in the (off-diagonal or) cross products {gR^ x gL.) and {gu- x gLi) of right and left 
elements, i.e. in "cross" bielements. 

This leads us to formulate the following propositions: 

2.1.3 Proposition 

The multiplication between bielements is the cross binary operation "x_ ". 

Proof. This results from definition 2.1.2. ■ 

2.1.4 Proposition 

The cross binary operation "x_ ", responsible for the bilinear character of the semigroup GrxL , 
generalizes the concept of semigroup Grxl by sending pairs of right and left elements either in 
diagonal bielements of in cross bielements. 

Proof. The statement of this proposition results from: 

a) The fact that the cross binary operation allows to generate cross products; 

b) the above mentioned properties of bielements of the semigroup GrxL ■ ■ 

2.1.5 Proposition 

A bilinear semigroup GrxL is abelian if its cross binary operation is commutative. 

Proof. The cross binary operation is commutative if the bielements commute according to: 

{9Ri X gLi)>iigRj X gL^) = (gR. x gLj)M.9Ri X9Li) ■ 
Developing the left hand side, we get: 

i9Ri X 9Li)>ii9Rj X gij) = {9R, + 9r,) x (ffi, + gL,) 

= {9Ri 'X9Li) + {9Rj X gLj) + {9Rj X9Li) + {9Ri x gL^) 
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by taking into account the definition 2.1.2. 

On the other hand, the development of the right hand side gives similarly: 

{gRj X 9Lj)><_{gRi xgLi) = {qr^ x Ql^) + {gRi xgLi) + {gR^ xgL.) + {qr. + gL.) . 

It then appears that a bilinear semigroup Grxl is generally abelian because the abelian character 
of the cross binary operation, sending diagonal bielements either into themselves or into cross 
bielements, is reduced to the abelian character of the addition. ■ 

2.1.6 Algebraic general and cross bipoints 

Let (— ) • • • ) ~0'ik ) • • • ) ~'^in) ) • • • ) ~0'jk ^ ■ ■ ■ ■> ~^jn) be the coordinates of two points 

and of the n -dimensional right affine semivariety Vr and let {+ai^ , 

+aij,, . . . , +aj„) and {+aj^, . . . , +aji^, ■ ■ ■ , +cij„) the coordinates of two symmetric points a^^ 
and Oj^ in the left affine semivariety Vl ■ 

Then, the cross binary operation over the affine bisemivariety (Vr ®po Vl) , which is fundamen- 
tally a bilinear semigroup, is given on the bipoints (a^^ x a^^) and (a^^ x a^^) by: 

X aiz,)2<(aiij x ^Jl) = (oiH + aj„) x (aiL + aj^) 

= (oi^ xaij + {ajj, X GjJ + [(oijj x a^-^) + (oj^j x a,^)] 

where: 

• (oj^ X Oj^ ) and {uj^ x a^^ ) are general algebraic bipoints in such a way that the coordi- 
nates of (oj^ X Oj^) are the n^-bituple (— Oji x £> aj^,...,— a^j Xqd o-in-, ■ ■ ■ 
-ai„ XoD cih,-- - , —Clin Xd tti^) ; 

• (oijj X Qjj^) and (oj^ x a^^) are algebraic cross bipoints in such a way that the cross 
coordinates of (a^^ x a^^) are the -bituple (— Xdclj^, . . . , — a^^ Xooo-jni • • • > ~o,in Xqd 
an,---,-ain XoajJ. 

2.2 Bimonoids, bisemirings and bisemifields 
2.2.1 Definition 

A left (resp. right) monoid is a left (rcsp. right) semigroup Gl (resp. Gr) which contains 
an identity element (resp. eij ) such that: 

eL-gL= gL (resp. gR.eR = gR ), ^ gz ^ Gl , gR e Gr . 

Generally, cl = gr- 

A bimonoid is a bisemigroup in which the identity element eRxL = gr x cl verifies: crxl = 
eR = eL- 
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2.2.2 Definition 

A left (resp. right) semiring is a nonempty set Rl (resp. Rr ), also written Rl,r , together 
with two binary operations (addition and multiplication) such that: 

1) {Rl,R:+) is an abelian left (resp. right) semigroup (or monoid). 

2) {gLi,Ri X gLj,Rj) X aLk,Rk = 9Li,Ri X {9Lj,Rj X gLk,Rk) ■ associative multiplication. 

3) gLi,Ri X {9Lj,Rj +gLk,Rk) = {gLi,Ri X gLj,Rj) + {gLi,Ri X gLk,Rk) 

and {gLi,Ri + gLj,Rj) X gLk,Rk = {gLi,Ri X gLk,Rk) + {gLj,Rj X gLk,Rk) ■ 
left and right distribution. 

A bisemiring Rrxl is an abelian bisemigroup (or bimonoid) submitted to the two binary 
operations (addition and multiplication) verifying: 

1) associative multiplication (or cross binary product): 

[{gRi xgL,)- {gR, X QL^)] . {gR^ xgL^) = {gR. XQL,). [{gRj X gi^) . (gn^ x gij] 

where the multiplication "." is the cross binary operation according to definition 2.1.2. 
So, we get: 

[{gRi X gLi)xi9Rj X gLj)]x{gRk x gik) = {gRi x gLi)x[{gRj x gLj)x{gRk x c/lJ] 
which gives: 

[{gRi + 9Rj) + gRk\x [{gii + gi^) + slJ = [gRi + {gRj + srJ] x [g^ + {gij + 5lJ] • 

2) left and right distribution with respect to cross binary product 

{gRi xgLi). [{gRj xgLj) + {gRk X 5lJ] 

= [{gRi XgLi). {gRj X C/L.)] + [(5R, xgLi). {gR^ X 51, J] 

which gives: 

{gRi X gLi)x[{gR. X c/L.) + {gn^ x ^lJ] 

= [{gRi X gLi)x{gRj x gi^)] + [(pj?. x gLi)x{gRk x ^lJ] 

if "." is identified to "x". 
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2.2.3 Definitions 

a) A left (resp. right) integral domain is a commutative left (resp. right) semiring Rl,r 
with identity l^j^ ^ and no zero divisors. 

An integral bidomain is a commutative biscmiring RrxL with identity Ifl^xi 
zero bidivisors (i.e. products, right by left, of divisors). 

b) A left (resp. right) division semiring Rl,r is a left (resp. right) integral domain if 
every element of Rl,r is a unit (i.e. invertible). 

A division bisemiring is an integral bidomain if every bielement of RrxL is a biunit (i.e. 
product of a right unit by a left unit). 

c) A left (resp. right) semifield Fl (resp. Fr ) is a commutative left (resp. right) division 
semiring. 

A bisemifield Fr x Fr is a commutative division bisemiring. 



2.3 Bisemimodules 
2.3.1 Definitions 

Let Rl,r. be a left (resp. right) semiring. A left (resp. right) i?^^jj-semimodule Ml,r 

is an additive abehan left (resp. right) semigroup (or monoid) Ml^h together with a function 
RlX Ml^ Ml (resp. Mr x Rr^l Mr ) such that: 

a) rz, {gLi + 9Lj) = tl 9Li + tl gLj , ^ ri e Rl , 9Li,9Lj e Ml , 
(resp. {9R^ + 9R.) tr = 9r^ rR + 9r. rR , ^ rR e Rr , 9Ri,9Rj ^ Mr). 

b) {tl + Sl) 9 Li = tl 9 Li + sl gL, 
(resp. 9R^ {vr + sr) = 9r^ tr + 9R^ sr ) 

C) TL {sl 9Li) = {tl sl) 9Li 

(resp. {9R^ sr) tr = 9r^ {sr tr) ) 

^L,R is a left (resp. right) unitary J2£,,H-semimodule if Rl,r has an identity element 
^l,r such that 

1l 9Li = 9Li , (resp. 9r^1r = 9Ri)- 

Ml,r is a left (resp. right) RL,R-^ector semispace if: 

• Rl,r is a left (resp. right) division semiring. 

• Ml,r is a unitary left (resp. right) -semimodule. 
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2.3.2 Definition 

A Rji X i2i^-bisemimodule Mrxl over a bisemiring Rrxl = Rr x Rl is an additive 
abelian bisemigroup (or bimonoid) Mr^l together with a (bi) function 

(Rrxl) X (Mrxl) Mrxl given by: 

{tr X n) X {gR^ X QLi) > {gRi TR X TL 9Li) , V (^R. X ^z,.) G MrxL , 

such that: 

a) {{gRi +9Rj) TR X vl {gii +gLj)) = {gRi tr x n 9Li)><_{gRj tr x n, gL^) where ^ denotes 
the cross binary operation. 

b) {gRi TR X TL 5Li) / {gRi TL X ^lJ . 

2.3.3 Definition: tensor product of right and left semimodules over X Rl 

The tensor product Mr^r^^^r^Ml of the right iii? -semimodule Mr by the left -semimodule 

Ml is the quotient Grxl/ Kr^l of the abelian bisemigroup Grxl by the bisemisubgroup 
Krxl generated by bielements of the form {gR^ + gR.) X {g^ + g^.) submitted to the cross 
binary operation "2< " in such a way that: 

{gRi X gLi)>i{gRj x gL^) > {gRi+gRj) x {gLi x gL^) ■ 

• The coset {gR^x gL,) + KRxL of the bielement {gRi^gLi) in Gr^l is noted {gii^^gLi) 
and is of the form: 

gRi me gLi^ , n^, G Z . 

• The bigenerators {gR^ ® gLi) of Mr^r^^^^ Ml satisfy the bilinearity condition: 

{gRi +gRj)^ {gLi + gLj) = {gRi ^gLi) + {gRj ^ gLj) + {gRi «> gLj) + {gRj ®gLi) ■ 

2.3.4 Proposition 

Mr ®RjixL ^L is a Rr X Rl -bisemimodule Mrxl 

Proof. Indeed, Mr^r^^^Ml is a quotient bisemigroup Grxl/ Krxl of which bielements 
are of the form S(n^ gR^ ®mt gLi ) according to definition 2.3.3. 

On the other hand, a Rr x Rl -bisemimodule Mrxl is an additive bisemigroup of which biele- 
ments are {gR. vr x vl gLi) according to definition 2.3.2. 

It then appears that gR ® 5^. ) is a general form for {gR^ rR x ^lJ if tr^tl G Z 

and thus, we have the thesis. ■ 
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2.3.5 Proposition 

Let Mr (resp. Ml ) be a right (resp. left) -semimodule (resp. Rl -semimodule). 
Let A (resp. B ) be a right (resp. left) R -semimodule over a ring R. 

Then, Ai^rB is a quotient semigroup G/K while MriSiRj^xRl is a quotient bisemigroup 
Grxl/ KrxL ■ 

Proof. Classically [Hun], [Schl], [Greu], A'S>rB is a quotient semigroup G/K where F is 
a free abelian semigroup on the set A x B and K is a subsemigroup in such a way that the 
coset (a, b) + K of the element (a, b) in F is denoted a (g) 6 and has the general form 

Swi (aj (g) 5i) , Hi € Z , tti e A , bi € B . 

i 

So, A®rB differs from Mr^r^^r^Ml in the sense that A^rB has a linear character while 
'^RrxRl behaves bilinear ly. ■ 

2.4 Inner product bisemispaces and bilinear Hilbert spaces 

2.4.1 Definition: vector bisemispace 

• Recall that Ml_r is a left (resp. right) vector i?£,^ -semispace if: 

a) Rl,r is a left (resp. right) division semiring. 

b) Ml^r is a unitary left (resp. right) -semimodule. 

• A vector Rn x Rl -bisemispace Mrxl is a unitary Rr x Rl -bisemimodule over a 
division bisemiring Rr x Rl . 

2.4.2 Proposition 

The tensor product Mr 0_r^x_Ri, Ml of a right vector Rr -semispace Mr by a left vector Rl - 
semispace Ml is a vector Rr x Rl -bisemispace. 

Proof. Indeed, Mr^r^xRi^Ml is a unitary x -bisemimodule according to proposition 
2.3.4. ■ 

2.4.3 Proposition 

The vector RrX Rl -bisemispace MhI^Hj^xRl Ml of dimension splits naturally 
into: 

Mr ®r^xRl Ml = Mr (g) Ml (condensed form) 

- {Mr (8)r> Ml) ® {Mr ®od Ml) 
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where: 

• [Mr^dMl) is a diagonal vector Rny^RL-hisemispaiCe of dimension n characterized 
by a bilinear diagonal basis {e^ fa}a ; V G Mr , fa € Ml ■ 

• {Mr^odMl) is an off-diagonal vector RrX Rl -hisemispa.ee of dimension {n? — n) 
characterized by a bilinear off-diagonal basis {e^ (8> fj3}a^p ■ 

Proof. The vector Rr x Rl -bisemispace Mr®Ml , being a unitary Rr x Rl -bisemimodule, 

is an additive abelian bisemigroup. 

So, its bielements (xr^ x xlJ , ^ xr^ g Mr, ^Li & Ml, are submitted to the cross binary- 
operation "2<_" according to definition 2.1.2. 
Then, they spht as foUows: 

(Xij. X XLi)>i{xR. X XLj) 

> (XR^ +XR.) X (xLi +XLj) = (xRi X XLi) + {xRj X XLj) + {XR^ X XL^) + (xRj X XLi) 

in such a way that: 

• {xR^ X XLi) i^Rj ^ ^Lj) are diagonal bielements belonging to the diagonal vector 
i?Rxi?L -bisemispace {Mr^dMl) characterized by a bilinear diagonal basis {ca^® fai}ai ■ 

• (a; /J- X XLj) and {xr. x x^.) are off-diagonal bielements belonging to the off-diagonal 
vector Rr x i?^, -bisemispace {Mr ®od Ml) characterized by a bilinear off-diagonal basis 

2.4.4 Definitions: mixed product bisemispaces 

a) A diagonal vector Rr x i?^ -bisemispace {Mr (g)£) Ml) endowed with a diagonal mixed 
product [., "Id is called a diagonal mixed product bisemispace if the bilinear function 
[.,.]£) from Mr (S>d Ml to Rr x Rl satisfies the following conditions: 

1) [xRi,XLi]D > and [xi?.,a;L.]D = if xr. = or xl- = . 

2) [xRi+ XR. , XLi + ^Lj ] D = [xRi ,XLi]D + [xr^ ,Xr.]d + [xRi , XLj]d + [xr^ , XLih 

3) [xRi,aLi XLilo = OlLi [xRi,XLi]D , OiLi ^ Rl , 
[otRi XRi,XLi]D = OlRi [xRi,XLi]D , ^ aRi E Rr . 

The function [., .]£> will be called a diagonal mixed product. 

b) Similarly, an off-diagonal vector i?^ x i?^ -bisemispace {Mr^qdMl) endowed with an off- 
diagonal mixed prodiict [.,.]oD will be called an off-diagonal mixed product bisemis- 
pace if the bilinear function [.,']oD from Mr ®od Ml to Rr x Rl satisfies conditions 
similar to those of a) . 
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2.4.5 Definition: extended mixed product bisemispace 

The vector Rr x i?^, -bisemispace (M/j '^Rj^xRl ^l) (noted Mr ® Ml ) endowed with an (ex- 
tended) bihnear function [., .] will be called an extended mixed product bisemispace if: 

1) Mr (g) Ml is characterized by a bilinear basis {e" (8> f/3}a,i3 , V G Mr , G Ml . 

2) the (extended) bilinear function [., .] from Mr x Ml to Rr x Rl satisfies conditions as 
those of definitions 2.4.4. 

2.4.6 Proposition (extended, diagonal and ofF-diagonal "external" left (resp. right) 
product bisemispaces) 

Let {Mr®r^xr^Ml) (or {Mr® Ml)), {Mr®dMl) and {Mr®odMl) he respectively the 
extended, diagonal and off- diagonal mixed product bisemispaces endowed with the corresponding 
bilinear functions [.,.], [■,■]/) and 
Then, the linear projective morphisms: 



PL-. Mr® Ml > MR^pyL = Mr^p) ® Ml 

PL : Mr ®d Ml > ^R^py^L = Mk(p) Ml 

PL : Mr ®od Ml ^ Mr^p^^^l = Mp^p) ®od Ml 

where pL = ^om.R^xR^{MR, Ml) , 

(resp. pr: Mr® Ml ^ Ml(p)/r = Ml(p) ® Mr 

Pr: Mr®dMl > Ml^p)/j,r = Ml^p)®dMr 

PR : Mr ®od Ml > Ml^p)/o^r = Ml(p) ®od Mr ) 

where pp = RomRj^y^Rj^{ML, Mr) , 



transform respectively the extended, diagonal and off-diagonal mixed product bisemispaces 
into extended, diagonal and off-diagonal external left (resp. right) product bisemispaces 
Mr(p)/l, Mpi^py^L and Mp(^pyoDL (resp. Ml{p)/r, Ml{p)/^r and Ml{p)/odr) by map- 
ping the right (resp. left) vector Rp- (resp. Rl )-semispace Mr (resp. Ml ) onto the left (resp. 
right) vector Rl - (resp. Rp )-semispace Ml (resp. Mr), in such a way that Mp(^p^ (resp. 
Ml{p) ) becomes the dual semispace of Ml (resp. Mr) . 
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Proof. The projective linear morphisms 

PL = HomR^xRz, {Mr, Ml) (resp. pR = HorriR^xRi {Ml, Mr) ) 

transform the bilinear functions [.,■], [•,-]d and [vJoD respectively of {Mr^Ml) , {Mr^dMl) 
and {Mr®odMl) according to: 

PL •■ 

PL ■■ 

PL ■■ 

(resp. PR : 
PR •■ 
PR •■ 

where [., , [., and [., (resp. [., , [., and [., ) are respectively left (resp. 
right) extended, diagonal and off-diagonal external scalar products [Sch2]: 

a) from Mr^p)xMl, Mr^p)XdMl and Mr(^p)XodMl (resp. MrxMl(p), Mrx^Ml^p) 
and Mr X OD Mi(p) ) respectively to Rr^^p^xRl, Rr(^p)XdRl and Rr(p)XodRl (resp. 
Rr X Rl{p) , Rr Xd Rl(p) and Rr Xqd Rl{p) ) with: 

• Rr[p) (resp. Rl{p)) being the semiring Rr (resp. Rl) projected onto Rl (resp. 

Rr)- 

• Mr^r-j (resp. Ml(p)) being Mr (resp. Ml) projected onto Ml (resp. Mr) in 
such a way that Mr^^r^ (resp. Ml(^p) ) is the semispace of one-forms on Ml (resp. 
Mr). 

h) characterized by metrics of type (1, 1) . 

PL (resp. pr) is then a covariant functor. ■ 

2.4.7 Proposition (extended, diagonal and off-diagonal "internal" left (resp. right) 
product bisemispaces) 

Let Mr(p)il Mpi^py^L and MR(^py^^L (resp. Ml(p)/r Ml(p)/^,r and Ml(p)/odr) re- 
spectively the extended, diagonal and off- diagonal external left (resp. right) product bisemispaces. 



D 



OD 



D 



OD 



:R 



]R 

Id ' 



■]oD )> 
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Then, the bijective linear isometric homomorphisms : 



B, 



M 



R{P) 



Mlj, (resp. Br : Ml(p) 



Mr, ), 



mapping each covariant (resp. contravariant) element of Mj^^p^ (resp. M^p-j ) onto 
the corresponding contravariant (resp. covariant) element of Ml (resp. Mp ), trans- 
form these external left (resp. right) product bisemispaces into the corresponding internal left 
(resp. right) product bisemispaces according to: 



Bl: 



Bl: 



Bl : 



(resp. Bp : 



Br: 



Br: 



Mp(p)/L 



M. 



R{P)/oL 



M 



R{P)/odL 



M 



L{P)/R 



M 



L{P)/dR 



M, 



L{P)/odR 



Mli,/l = Ml,, (8) Ml 
Ml,,/oL = Ml,, ®d Ml 



MLn/ooL = Ml,, ®od Ml 



Mp^/p = Mp,^ ^ Mr 

Mp^/^p = Mp^ Mp 
Mr^/ouR = Mr,^ ®od Mp ). 



Proof. Indeed, the bijective linear isometric homomorphisms Bl (resp. Bp ) transform 
the external scalar products of the external left (resp. right) product bisemispaces Mp^^pyL > 



Mp(P)/,yL and Mp^py^^^L (resp. Ml(p)/p, Mi(p)/^^ and Ml 



Bl: 



(resp. 



Bl : 
Bl: 
Br: 
Br: 
Bp: 



]oD 



:R 



iR 



IR 
•lOD 



p)/odR ) according to: 



•)oD 1 



\R 

Id ' 



•)oD )' 



where (., , (., and (., .)q£, (resp. (., , (., and (., .)q^ ) are respectively left (resp. 
right) extended, diagonal and off-diagonal inner (or internal) scalar products from Ml„ x Ml , 
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Ml^XdMl and Ml^XqdMl (resp. Mr^xMh, Mr^XdMr and M^^ XodM/j ) respectively 
to X Rl , Rlr ^dRl, and i?^^ ^^odRl (resp. i?/?^ x Rr , Rr^ XdRr and Rr^ XqdRr) 
with (resp. Rrj^ ) being tlie semiring Rr (resp. i?L ) projected onto Rl (resp. i?R ) under 
the condition that the metrics of these inner scalar products [Wei] be of type (0, 2) (resp. (2, 0) ). 

So, Bl (resp. Br), corresponding to the Riesz lemma mapping [G-S], [R-N], transforms the 
metrics of type (1, 1) of the external scalar products into metrics of type (0,2) (resp. 2,0) ) of 
the respective inner scalar products [B-R], [C-H], [God], [J-N]. ■ 

2.4.8 Corollary 

Every left (resp. right) diagonal internal product bisemispace (-M^^ Ml) (resp. {Mr^ <Sid 
Mr) ), endowed with the diagonal inner scalar product {., (resp. (., ), is a normed bilinear 
semispace with "bilinear norm" (xi^_,X2,.)^ (resp. {xRJ^,,XR^)^ ), xl^. € Ml^ , a;/,. G Ml, 
xrj^. G Mrj^ , xr^ G Mr in such a way that: 

1 ) the semispaces Ml , Mlj^ , Mr and Mr^ are normed linear semispaces with norm 

\\xLi\\ = {{xLR.,XLi)D)^ . 

Proof. 

1) The requirement that the internal product bisemispaces (Mlj^^dMl) and (Mr^^d Mr) 
be normed bilinear semispaces is similar to the condition that every inner product space is 
a normed linear space with norm = {x,x) where (.,.) denotes a classical inner scalar 
product. 

2) The equalities = [[xl^, || = lla;^^;^ || = H-x^?. || result from the fact that these elements, 
being symmetric by construction, have a same length. 

3) As {Mlj^^dMl) and {Mr^ 0d Mr) are normed bilinear semispaces, we have that: 

a) if their elements xl^, , xl. , xr^, and XR^ are real- valued, then the semirings Rl 
and Rr^^ are semirings of positive real numbers while the semirings Rr and Rr^^ 
are semirings of negative real numbers (see proof of proposition 2.4.7 for the definition 
of these semirings in the present context). 

b) if their elements x^^. , x^. , xr^^, and XR^ are complex- valued, then: 

a ) the semirings Rl and Rr^^ are semirings of complex numbers z = a + ib; 
P) the semirings i?^^ and Rr are semirings of conjugate complex numbers 
z* = a — ib; 
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7) the left (resp. right) diagonal inner scalar product (a^Lij. > ^^lJ^) (resp. {xR^,,XJi^)^) 
is such that 

• a^Lfi. =xr, (resp. xr^^ 

• {vLr^ , xl,)d = {^Rl, ' yR^)D ' V VLn^ G , y/?^ G Af/? . 

Thus, (xi,^. , xi,.)^ is a sesquilinear form, linear on the right and antilinear on the 
left. ' ■ 



2.4.9 Proposition 

The diagonal and extended internal left (resp. right) product bisemispaces M^^/^^ (resp. 
^Rl/dr) '^'^^ ^Lr/l (resp. Mr^/r) are respectively an orthogonal and an extended left 
(resp. right) separable bilinear Hilbert semispace while the off-diagonal internal left (resp. 
right) product bisemispace Mi^^j^^i^ (resp. Mr^/^j^r ) has been called an (internal) left (resp. 
right) bilinear magnetic space. 



Proof. 



The diagonal internal left (resp. right) product bisemispace M^^/^^ = M^^ 0£) Ml 
(resp. Mr^/^ji = Mrj^ (8)£) Mr ), endowed with a diagonal left (resp. right) inner 
scalar product (., .)^ (resp. (., ) verifying: 

(v •)d = (■) •)d 

under a (bi)involution, is characterized by: 

1) bielements 

e 

{xlr. (8)d XLi) = S^(xz,^.^ ea 'Sid XLi^ e^) 

e 

= S XL„. . XL. (eaSCa) , 1 < a < £ < oo , 

a=l ^« " 

developed in the bilinear orthogonal basis {cq (g) eaYa=\ dimension I . 
The bielements {xlr. Sd xif) axe two confounded elements. 

2) left inner scalar products (xl^.jXlJ^. 
If 

XLr. ■ XLi — {^Lr.^ ■ XLij^ , ^Lr.^ • XLi^ , • • • , ^Lr.^ • XLi^ } 

denotes the set of ^-bituple of complex numbers in X£) , then (xl^. , xl-)^ 
can be developed according to: 



a=l 



{xLR.,XLi)D = ^^^Lr^^ - XL. 

(see corollary 2.4.8). 
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• The diagonal internal left product bisemispace -Ml^j/^i, = ^l^j 0d is 
in one-to-one correspondence with the linear inner product semispace H, 
which is a pre-Hilbert semispace because: 

1) TL \s also characterized by inner scalar products, noted generally (., .) , from 
H X to C . These inner scalar products of Ti, are the left inner scalar products 
(.,.)^ of M^^/^i. 

2) the bielements (x^,^. (g)^) x^,.) of Mj^^i^i^ are in one-to-one correspondence with 
the elements x/, . of H . 

So, it can be understood why the diagonal internal left product bisemispace M^^/^^ 
is called (and is) an orthogonal left bilinear pre-Hilbert semispace (it is an orthogonal 
left bilinear Hilbert semispace if it is complete with respect to (., ). 

• Similarly, the diagonal internal right product bisemispace M^^/^^ = Mr^ Mr 
is an orthogonal right bilinear Hilbert semispace because it would have to be in one- 
to-one correspondence with a linear inner product semispace 1-Lr (which would be a 
right Hilbert semispace) characterized by: 

1) elements xr. in one-to-one correspondence with the biclcmcnts (x/j^ Cgi/jx/j-) of 
^Rl/dR (^^ fact, the elements can be identified with the elements xr^ ). 

2) inner scalar products (77^) from Hr x TCr to C . 

Then, it becomes clear that T-Ir = Ti. if the elements xr^ of Hr are identified with 
the elements . of H . 

b) The extended internal left (resp. right) product bisemispace M^^/^ = M^,^ (g) Ml (resp. 
Mr^Ir = Mr^ (g) Mr), endowed with an extended left (resp. right) inner product (.,")^ 
(resp. (., ) verifying (., = (., , is characterized by: 

1) bielements 

e e 

{xLn.®XLi)= S S (XL^. ea(g)XL. Cfl) 
^ a=l^=l ^« " 

i £ 

= S S XL . XL. (eo, (g) Cfl) , 1 < a, /3 < £ < CO , 

a=l/3=l " ^ 

developed in the bilinear basis {cq. (g) ei3Yoti3=\ ■ 

2) left extended inner scalar products {xLj^.^XLi)^ which can be developed according to: 

L ^ ^ — 
{^Ln.jXl,-) = S S XLr. •XL- 
' a=l/3=l 

if xl^. . XLj denotes the set of ^^-bituples of x . 

With reference to a), it is then clear that Ml^/l (resp. Mr^^/r ) is called an extended 
left (resp. right) bilinear Hilbert semispace since it is endowed with an extended left 
(resp. right) inner scalar product. 
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c) Similarly, the off-diagonal internal left (resp. right) product bisemispace Mi^^j^^j^ (resp. 
^Rl/odR ) called an internal left (resp. right) bilinear magnetic semispace because it is 
endowed with: 

1) a left (resp. right) off-diagonal inner scalar product (., (resp. (., ) developed 
according to: 

if XL^. ■ XLi denotes the set of bituples of xqd . 

2) off-diagonal bielements 

t I 

{xLr. ®0D XLi) = S E XL . XLi„ {ea ®OD en) , 
a=l/3=l " 

in the bilinear non-orthogonal basis {e^ (8>oD e^}a^^ ■ ■ 

2.5 Semialgebrcis and bisemialgebras 
2.5.1 Definitions 

1. Left and right semialgebras: 

Let Rl (resp. Rr ) be a commutative left (resp. right) semiring with identity. A left 
(resp. right) i?L -semialgebr a Al (resp. i?^ -semialgebra Ar) is a semiring Al (resp. 
Ar ) such that: 

(a) {Al,+) (resp. (^h, -I-) ) is a unitary left (resp. right) i?L -semimodule (resp. Rr- 
semimodule). 

(b) ^L '■ Al® Al ^ Al (resp. ixr : Ar®Ar Ar ) is a linear homomorphism verifying: 

tl (aL bL) = {vL aL) bL = aL {tl bL) , ^ vl £ Rl , aL, bL £ Al , 
(resp. {aR bR) tr = qr {Ir tr) = bR {ur tr) , ^ rR e Rr , aR,bR e Ar ) . 

(c) riL '■ Rl — ^ Al (resp. r]R : Rr — > Ar ) is an injective homomorphism. 
Ar is thus the opposite semialgebra of ^11 • 

A left (resp. right) i?L -semialgebra Al (resp. -semialgebra ^/j ) which, as a left (resp. 
right) semiring, is a left (resp. right) division semiring, is called a left (resp. right) division 
semialgebra. 

2. Let RrxL = Rr x Rl be a bisemiring as introduced in definition 2.2. L 
Then, a ii_Rx-L -bisemialgebra ® Ax, is a bisemiring Ar^^l such that: 
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(a) (^_RxL)+) is a unitary i?^xL -biscmimodulc; 

(b) hrxL '■ ^RxL^ArxL ArxL is a bilinear homomorphism such that 21 is the cross 
binary operation acting on the bielements {ur x ul) G ^RxL as follows: 

[(or X aL)MbR X hL)] = [(or + Br) x (a^ + . 

(c) rjRxL '■ RrxL ^RxL is an injective homomorphism. 

2.5.2 Definition: left and right cosemialgebras 

Let Al (resp. ) be a left (resp. right) i?L -semialgebr a (resp. -semialgebra) . It is also a 
unitary left (resp. right) i?L -semimodule (resp. i?R-semimodule). 
Let PL (resp. pR ) be the linear projective morphism: 

PL : Ar > ^R(p) , (resp. pr : Al > ^l(P) ), 

mapping Ar (resp. Al) into ^i^(p) (resp. ^l(p) ) onto Al (resp. Ar) as introduced in 
proposition 2.4.6. 

By this way, the R{P) - (resp. L(P) )-semialgebra Aj^^p-^ (resp. Al(^p)) becomes the dual 
semialgebra or cosemialgebra of Al (resp. An ) such that: 

a) Ai : ^R(p) An^p) x Al (resp. Ap : Al{p) ^l(p) x Ap ) 
is a linear homomorphism called comultiplication. 

b) el: Ap(p)^i?(P) (resp. £p : Al(p)^L{P)) 
is a linear form. 

2.5.3 Definition: bisemialgebras (Ajj(p) ® Ai,) and (Al(p) <Si An) 

Let Rr{p)xL (resp. Rl{p)xR ) be the bisemiring obtained by projecting the semiring Rr (resp. 
i?L ) onto Rl (resp. i?p). 

Then, the i?p(p) x l -biscmialgcbra AjK^p-^ ® Al (resp. ii^^p^xR -bisemialgebra Aj;,(p) (8) yip ) is 
a bisemiring Ap(p)xL (resp. ^^^(pjxij ) in such a way that: 

a) (^ii(p)xL,+) (resp. (^i(p)xR, +)) is a unitary i?p(p)xL- (resp. i?^p) xp )-bisemimodule. 

b) fJ'R{P)xL ■ ^il(P)xL21^il(P)xL -4p(p)xL 

(resp. fJ'L(P)xR '■ Al(P)xR^^L{P)xR Al{P)xR ) 
is a bilinear homomorphism where 21 is the cross binary operation. 

c) Vr{P)xL '■ Rr{P)xL ^R{P)xL (resp. r]L(p)xR '■ Rl{p)xR ^ ^l{p)xr) 
is an injective homomorphism. 
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2.5.4 Proposition 

A bisemialgebra of Hopf is given by the triple {{AjK^p^ ® Al) , Sj, {A^p^ ® Ar)) where: 

• (Ar(p)(8i^l) and {Aj^(^p^(SiAji) are respectively the left and right bisemialgebras introduced 
in definition 2.5.3. 

• S}, (resp. S^^ ) is a bilinear antipode 

Sb ■■ ^R(p) <^Al^ ^l(p) (8) Ar (resp. S'^ : A^p) ^ Ar ^ Ap^p) ® Al ) 

mapping bijectively the left (resp. right) bisemialgebra into its symmetric right (resp. left) 
equivalent. 

Proof. 

1. Recall that a Hopf algebra over a field k is a bialgebra H{n, r], A, e) in such a way that: 

(a) H{fj,, rj) is a k -algebra where ii = H ®H ^ H is linear and r] : k ^ H is an injective 
homomor phism . 

(b) H{A, e) is a coalgebra in such a way that A : H ^ H ^ H is a linear morphism 
called comultiplication and e = H ^ k is a linear form. 

(c) There exists a linear map S : H ^ H called antipode based on the convolution 
product * on B.om.k{H,H) defined by [Cae], [M-M], [Car]: 

V^i, /i2 : H ^ H h\ * h2 = iJi o [hi ® ^2) ° A . 

2. The corresponding bilinear case is naturally a bisemialgebra of Hopf where ^^(p) (resp. 
^L(P) ) is the left (resp. right) coscmialgebra over A]^ (resp. Ar). 

Consequently, the bilinear antipode Si) (resp. S^^ ), being an antihomomorphism of 
bisemialgebra of Hopf, maps naturally the left (resp. right) bisemialgebra of Hopf A^(p) 
Al (resp. ^l(p) ® -^r) into the symmetric right (resp. left) bisemialgebra of Hopf 
^L(P) ® Ar (resp. ^p(p) (E)Al). ■ 

2.5.5 Definition: * -bisemialgebra 

Let Rl (resp. Rr ) denote the field of complex (resp. conjugate complex) numbers. Then, a 
Rr X Rl -bisemialgebra Ar is a * -bisemialgebra if there exist: 

a) the right involution: 

Il-^r : Al^ Ar, ql^ a*R, W ul & Al , al e Ar . 
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b) the left involution: 
verifying Ir-^l = ^l^r ^^^^ that = • 

So, the involution maps [Dix] are clearly defined in * -bisemialgebras. 
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3 Bilinear algebraic semigroups and bisemischemes 



The fundamental semistructures and bisemistructures, having been introduced in chapter 2, it is 
now the aim of chapter 3 to take up some concrete cases of bisemistructures, under the circum- 
stances especially bilinear algebraic semigroups (as announced in chapter 1) and bisemischemes. 

3.1 Bilinear algebraic semigroups 

3.1.1 The Gauss decomposition of the R — ii-bimodule GL„(i?) 

Let i? be a ring. The set Mn{R) of all (n x n) square matrices over i? is a left i? -module 
under addition of matrices. But, M„(i?) is also a i? — i?-bimodule under addition of matrices 
because every {n x n) square matrix of Mn{R) is the product of a (n x 1) column matrix by 
a (l,n) row matrix: so, Mn{R) is the product of the left i? -module of column matrices by the 
right i? -module of row matrices. 

Similarly, the group GL„(i?) of all (n x n) invertible matrices gl„(i2) is also a i2 — i?-bimodule. 
Furthermore, the group GL„(i?) has the Gauss linear decomposition for every regular matrix 

glji?) = 5iR) UR) UR) 

where: 

• d{R) is a diagonal matrix of dimension n . 

• ^r{R) is a lower unitriangular matrix. 

• ^l{R) is an upper unitriangular matrix. 

3.1.2 The algebraic bilinear semigroup of matrices GL„(-Fr X Fl) 

Taking into account the general existence of semiobjects and bisemiobjects, we have to consider: 

a) instead of a ring R , a triple {Rli Rr, Rrxl) where: 

• Rl and Rr are respectively left and right semirings. 

• RrxL = Rr X Rl is the associated bisemiring. 

b) that GL„(i?) , being a R — i?-bimodule, becomes over Rr x Rl a i?ijx z, -bisemimodule 
GL„(i?i X Rl) , introduced in definition 2.3.2. 

More concretely let Fr and Fl be the right and left algebraic symmetric extensions of a global 
number field k of characteristic , as introduced in section 1.2. Then, the algebraic group with 
entries in {Fr x Fl) is a bilinear algebraic semigroup written according to GL„(Fr x Fl) . Its 
elements are {n x n) square regular matrices forming a Fr x Fl -bisemimodule under addition. 
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As in section 3.1.1, the bilinear algebraic semigroup GL„(Fr x Fi) can be decomposed into the 
product of the right semigroup Tj^{Fpi) of lower triangular matrices with entries in by the 
left semigroup Tn{FL) of upper triangular matrices with entries in Fl according to 

GL„(Fr X Fl) = T'^iFn) x r„(Fi) . 

Tn{FL) (resp. T^{Fr) ) can be viewed as an operator 

TniFL) • Fl > T^^'Xh) = Vl (resp. T^{Fr) : Fr . T^^^^Fr) = Vr ) 

sending the left (resp. right) semifield Fl (resp. Fr) into the left (resp. right) Tn{FL) - 
semimodule T^"'\Fl) (resp. r^(FR) -semimodule T^'^\Fr)) which is a left (resp. right) affine 
semispace Vl (resp. Vr ) of dimension n restricted to the upper (resp. lower) half space. 

3.1.3 Proposition 

The algebraic bilinear semigroup of matrices GL„(Fr x Fl) can be viewed as an operator: 

GLn{FR x Fl) : FrxFl > G^^\Fr x Fl) = Vr ®p^^p^ Vl 

sending the bisemifield Fr x Fl into the GL„(Fr x Fl) -bisemimodule G^'^^Fr x Fl) which is: 

a) the representation space of the algebraic bilinear semigroup of matrices GL„(Fr x Fl) ; 

b) a r? -dimensional affine bisemispace (Vr ®p^^p^ Vl) ■ 
Proof. 

1. The -dimensional affine bisemispace G^^\Fr x Fl) is naturally the tensor product 
over [Fr x Fl) of the right n -dimensional affine semispace T^'^HFr) by its left symmet- 
ric equivalent T^^\Fl) in such a way that its bielcmcnts arc general algebraic bipoints 
(— oi X/) d, . . . , — a„ X L, an) which are -bituples as developed in chapter 1. 

2. In fact, GL„(Fr x Fl) acts into the GL„(Fr x F^) -bisemimodule G'^^^Fr x Fl) on an 
irreducible -dimensional affine bisemispace P^""^ (Fr x Fl) considered as the (irreducible) 
unitary representation space of GLn{FR x Fl) [Piel] and as its (bi)center. ■ 

3.1.4 Proposition 

The bilinear algebraic semigroup GL„(Fh x .Fl) has the following Gauss bilinear 
decomposition : 

GL„(Fh X Fl) = [Dr^iFn) x r>„(Fi)] x [UT^{Fr) x UT^{Fl)] 

where: 

• Dn{-) is the subgroup of diagonal matrices; 

• UTn{.) (resp. UT!^{.) ) is the subgroup of upper (resp. lower) unitriangular matrices. 
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Proof. 



This follows directly from the decomposition 



GL„(F,^ X Fl) = TUFr) X Tn{FL) 

of GL„(Fr X Fl) into the product of the semigroup T^{Fr) of lower triangular matrices by the 
semigroup Tn{Fi) of upper triangular matrices. ■ 

3.1.5 Proposition 

Let F = Fji U Fl denote the set of completions associated with the finite algebraic (closed) 
extension F = U Fl of the number field k . 

Let gl„(-F) = {u\^{F) X tt„(F)] X dn{F) be the Gauss (linear) decomposition of the matrix gl„(-F) 
of the linear algebraic group GL„(F) where ?x^(.) G UT^{.) , Un{-) G UTn{.) and G Dn{.) . 
Let gl„(FR X Fl) = x Un{FL)] x [(in(-FR) x dn{FL)] be the Gauss bilinear decomposition 

of the matrix gl„(FR x Fl) of the algebraic bilinear semigroup GL„(Fr x Fl) ■ 
Then, if we take into account the maps: 

• Un{F) n„(Fi) , 

• <{F) ^ <iFR) , 

• dn{F) ^ dn{FR) X dn{FL) , 

the bilinear algebraic semigroup GL n{Fji X Fl) is in one-to-one correspondence with 
the linear algebraic group GL„(F) . 

Proof. 

1. Let Fr = {Fj:j^,...,Fzj^,...,Fi:j^} (resp. Fl = {F^^, . . . , F^^, . . . , F^^} ) denote the set 
of (pseudo-ramified) completions at all archimedean places uJj (resp. uoj ) as described 
in [Piel]. Then, to each completion F^. (resp. F^^ ) correspond the conjugacy class 
representatives gl^{F^.) , ul^{F^.) and d^iF^^) (resp. gl„(F^^^.), 'u„(F^J and d^iF^^)) 
of the respective groups of matrices. 

Similarly, to each completion Ftu-^jj = F^^ U F^^^ correspond the conjugacy class repre- 
sentatives g\^{Fijj^^.) , Un{Fijj-ij.) , u\^{F^;J^|^.) and dn(-Pb-Wj) of the respective groups of 
matrices used in the "linear" case. 

Then, it is evident that the bilinear algebraic semigroup GL„(Fij x Fl) is in one-to- 
one correspondence with the linear algebraic group GL„(F) under the three maps of the 
proposition. 

2. Each bilinear conjugacy class representative subspace g*^") (Ftj_t^^ ) of gl„(-Fa;-a)j) covers the 
corresponding linear conjugacy class representative subspace g^'^\FTjj^i^.) of ^^{F■^JJ-^^.) if 
the three maps of the proposition are taken into account. 
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That is to say there exists the homeomorphism: 

H u) : g^'^HF^ X F^.) . g^'^HF^^^.) 

in such a way that, if ff*-"-' (-^t^-wj ) is connected, then each neighborhood U-^^xojj of ^ 
bipoint of g^'^^{Fj^. X Fi^.) is homeomorphic to the corresponding neighborhood 
Hm{F^. X F^.) = Uz,-^. of a point of g^^\F^_^.) . 

And thus, the -dimensional representation space G^'^^ (F) of the linear alge- 
braic group GL„(i^) coincides with the -dimensional representation bisemis- 
pace G^'^\Fii x Fl) of the bilinear algebraic semigroup GL„(Fr X Fi) . ■ 

3.2 Bisemischemes 

3.2.1 AfRne bisemischemes 

In analogy with the classical definitions of algebraic geometry [Gro], [G-R], [D-G], [Mum], let us 
setup the following definitions introducing affine semischemes. 

a) A left (resp. right) semisheaf J^l (resp. J^r) 

Let Xl (resp. Xr ) be a topological semispace restricted to the upper (resp. lower) half 
space. 

A left (resp. right) presemisheaf (resp. J^r ) of abelian semigroups consists of: 

a) for every open left (resp. right) subset Ul Q Xl (resp. Ur C Xr), an abelian 
semigroup J^l{Ul) (resp. J^r{Ur)). 

(3) for every inclusion VlQUl (resp. Vr QUr) open subsets of (resp. Xr), a 
morphism of abelian semigroups 

resc/^y^ : T{Ul) ^(Vl) (resp. tbsuhVr ■ ^{Ur) ^(Vr) ) . 

The left (resp. right) semisheaf Tl (resp. J^r ) is a left (resp. right) presemisheaf of which 
sections are determined by local data. 

b) A left (resp. right) ringed semispace {Xl,J^l{Xl)) (resp. {Xr,J^r{Xr))) consists of a 
topological semispace Xl (resp. Xr ) and of a semisheaf of semirings J^l (resp. J^r ) on 
Xl (resp. Xr). 

c) Let Al (resp. Ar ) be the polynomial ring A restricted to the ideal II = {Pn{xi, ... , Xn)} 
(resp. Ir = {pn{-xi,...,-Xn)}). 

Then, the spectrum of Al (resp. Ar) is the pair {spec Al,Tl{Al)) 
(resp. (spec Aij,.?^ij(74ij)) ) consisting of the topological semispace spec (resp. spec^ij), 
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being the set of closed subsets associated with all prime ideals of (resp. Aji ), together 
with the semisheaf J-'l{Al) (resp. J^ji(A^) ) of semirings on it defined as follows: 

Let Apj^ (resp. Ap^^ ) be the localization of Al (resp. Aji) at each prime ideal pL ^ Al 
(resp. PR C An ). For an open set Ul Q spec (resp. Ur C specAn ), we define the set 
^l{Ul) (resp. Tr{Ur)) of functions sl'.Ul-^ U ^pl (I'esp. sr:Ur^ \_\ Ap^) 

such that slIpl) £ (resp. sr{pr) G Ap^^ ) [Hart]. 

An affine left (resp. right) semischeme is a locally left (resp. right) ringed semispace 
{Xl,J^l{Xl)) (resp. {Xr,J^r{Xr))) which is isomorphic to the spectrum {spec Al,J^l{Al)) 
(resp. (spec^ij,jrfj(Ai^)) ) of some semiring (resp. Ar). 

So, we can introduce afRne bisemischemes according to the preliminary definitions: 

a) A bisemisheaf J^RxLiXnxL) of bilinear semigroups is defined by the tensor product 
^r{Xr)®Rj^xRl^l{Xl) of the right semisheaf Tr{Xr) by its left equivalent Tl{Xl) if: 

1) ^RxL is defined on the product Xrxl = Xr x Xl of the right topological semispace 
Xr by the left topological semispace Xl , respectively defined on the right and left 
semirings Rr and Rl , in such a way that Xl (resp. Xr ) be a Rl -semimodule 
(resp . Rr -semimodule) . 

2) J^l{_Xl) (resp. J^r{Xr) ) is a JF/;, (spec yli,) -semimodule (resp. (spec ^4^^) -semi- 
module), where spec^L (resp. spec ) is associated with Xl (resp. Xr) [Hart], 
in such a way that J^r{Xr) ^Rj^xRl ^l{Xl) be a J^RispecAR) x .FL(spec^L)- 
bisemimodule. 

Thus, J^r{Xr)(^r^ xRl^l{Xl) is a bisemisheaf of bisemimodules over spec(^R) xspec(^L) 
which allows its splitting into: 

j^RiXR) ® Fl{Xl) = {J'RiXR) J'UXl)) © (J'RiXR) ®oD :fl{Xl)) 

according to proposition 2.4.3. 

b) A ringed bisemispace {Xji X Xl, ^h^Xl) ® ^l{Xl)) is then naturally introduced 
from the product of the right ringed semispace {Xr,J^r(Xr)) by its left equivalent 
{Xl,J'l{Xl)). 

c) The bispectrum of Ar x Al is introduced by the pair (spec^ij x spec Al, J-'r{Ar) (g) 
^l{Al)) and corresponds to the product of the spectrum Ar by the spectrum of Al ■ 

Finally, an affine bisemischeme is a locally ringed bisemispace {Xr x Xl, J^{Xr) ®!F{Xl)) 
which is isomorphic to the spectrum (spec^R x spec Al, Tr{Ar) (gi Tl{A.l)) of the bisemiring 
ArxAl. 
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3.2.2 Affine bisemischeme over the bilinear algebraic semigroup G^'^\Fji X F^) 

a) If the topological left (resp. right) semispace is the representation space G^'^\Fi) = 
TW(Fl) (resp. G(")(Fr) = rW(Fi^)), over the set of completions Fl (resp. F^), 
of the algebraic semigroup of matrices TniF^) (resp. T^{Fii) ), then we can introduce the 
left (resp. right) semisheaf J=l{G'^'^^{Fl)) (resp. J^r{G'^'^\Fr))) over G(")(Fl) 
(resp. G(")(F^)). 

And, the bisemisheaf J^r{G^'^\Fii)) ® Tl{G'^'^\Fi,)) is defined as the tensor product 
of the right semisheaf rR{G^''\FR)) by its left equivalent J^l{G^''\Fl)) . 

b) The affine bisemischeme over the bilinear algebraic semigroup G^'^\Fr X Fl) 

is a locally ringed bisemispace (G(")(Fk x Fl), {J^r{G^''\Fr)) (g) J^l{G^'^\Fl))) which is 
isomorphic to the spectrum {spec Ar x spec Al, J^r{Ar) ^ J-'l{Al)) of some bisemiring. 

3.2.3 Functions on the conjugacy classes of G^'^\Fl) (resp. G('^)(Fr)) 

Let G^'^\Fr X Fl) be the -dimensional representation bisemispace of the bilinear algebraic 
semigroup GL„(Fr x Fl) . 

Let {g^'^\F^j^, x F^j^ .)}j,mj ("ij G N referring to the multiplicity) be the set of its bilinear 
conjugacy class representative subspaces in such a way that {^^^H-^t^j m )} (resp. {^^"H-^ti'j m )} ) 
be the set of left (resp. right) linear conjugacy class representative subspaces of G^'^\Fl) = 
rH(FL) (resp. GH(Fr) = TW(Fr) ). 

Then, we consider the set G^'^\Fl) (rcsp. G^"'\Fr) ) of smooth continuous functions <pG^^{xg^) 
(resp. ^9L e GW(Fl) (resp. Xg^ G G(^\Fr)) on G^^^Fl) (resp. G^^HFr)) 

in such a way that G^^\Fl) (resp. G^^\Fr) ) be partitioned into subsets of functions on the 
different conjugacy class representatives of G^'^\Fl) (resp. G'^'^\Fr)). 

3.2.4 Proposition 

The set G^^\Fr x Fl) = {4>g] (^Sjfl) 't'^c] (^9jL^}j continuous smooth bifunctions on the 
bilinear algebraic semigroup G^'^XFr X Fl) is the set of bisections V{J^{G^''\Fr x Fl))) of the 
bisemisheaf T{G^''\Fr x Fl)) on G^"-\Fr x Fl) . 

Proof. On every conjugacy class ^("H-P'uJ X F^.), 1 < J < r, of G'^'^\Fr x Fl) , there 
is a set of smooth continuous bifunctions from g^'"'\Fmj x F^^ ) into C in such a way that 
J^[g('^)[F^. X F^^.)) is a subbisemisheaf. 

And, the set of smooth continuous bifunctions on the set of conjugacy classes of G(")(Fr x Fl) 
forms a bisemisheaf according to section 3.2.L ■ 
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3.2.5 Corollary 



The set G^"'\F[i x Fl) of continuous smooth bifunctions on the bilinear algebraic semigroup 
G^^'H^R ^ ^l) forms a bisemialgebra in such a way that G^'^^Fl) (resp. GW(Ffl) ) be the left 
(resp. right) semialgebra on G^'^\Fl) (resp. G^'^\Fr) ). 

Proof. This follows from the definition of bisemialgebras in section 2.5.1. ■ 



3.2.6 The bisemialgebra L^~^^{G'^'^\Fr X Fl)) 

The set of all continuous measurable left (resp. right) functions on G^^\Fl) (resp. G^'^^Fr) 
satisfying: 



4>G]{XgL) 



dxg^ < oo 



(resp. / 

Jg 



G(")(Fh) 



with respect to a Haar measure on G^"'\Fl) (resp. G^"'\Fji) ) is the left (resp. right) semialgebra 
Li(G'W(Fz,)) (resp. L1,(GW (Fr)) ). 

And, the set of all continuous measurable bifunctions on G^"'\Fji x Fl) satisfying: 



/G(»)(FHxFi.) 

is the bisemialgebra L]^^^^(G(")(Fr x Fl)) . 



dxga dxg^ < oo 



3.2.7 Proposition 

Let 



PL-. Gf{Fn) 
(resp. pr: G^iFL) 



GrLAFr^p)) 



- G'L{p)iFLiP)) ) 

be the linear projective morphism mapping G^^\Fr) = G''"'\Fr) (resp. G^[^\Fl) ^ G^'^\Fl) ) 



onto G^^\Fl) (resp. G^^'{Fr) ) according to proposition 2.4.6 and let 



Bl: Gj(^p)(Fij(p)) 



GtliFL,) 



(resp. Br: Gg)p.(F^(p)) 



GrI(^Rl) 



be the bijective linear isometric morphism mapping covariant (resp. contravariant) elements of 
G^l]i^Fr{P)) (f^^P- G^^p^{Fl(^p)) ) into their respective contravariant (resp. covariant) elements 
according to proposition 2.4-7. 
Then, the composition of morphisms: 

Bl opL : 4-;^(G(")(Fk x Fl)) . Li,^(GW(F^ x Fl)) 

(resp. Bropr: L]^^\{G^^^ {Fr x Fl)) . l1^r{G^-^ {Fr x Fr)) ) 

transforms the bisemialgebra L]^^j^{G^'^\Fr x Fl)) into the bisemialgebra L\^j^{G^'^\FlX Fl)) 
(resp. Ll^j^iG^^'^FR x Fr)) ) which is an extended left (resp. right) bilinear Hilbert semispace. 



34 



Proof. 



1. The composition of morphisms Bl o pi (resp. Br o ) transforms the continuous bi- 



functions (t>c\^gR) ® 4'c'\^gL) ^ ^]^xl(^^"^ (^R ^ ^l)) into the bifunctions 4>'q{^9l) 



<t>FS^g,)eLl-^L{Gi-){FLxFL)) (resp. 
satisfying 

/ 



1-1 



{G(^){FrxFr))) 



dxg^ < oo 



(resp. 



L 



GW(FflXFfl) 



dxg^ < OO 



IgM{FlxFl) 
according to propositions 2.4.6 and 2.4.7. 

L\^^{G'^^\FlxFl)) (resp. L\^^{G'^^\FrX Fr))) is the (semi)space of square integrable 
continuous functions on G^"^ {F^ x Fi) (resp. G^"^ (Fr x Fr) ) restricted to the upper (resp. 
lower) half space. 

2. It is evident from proposition 2.4.9 that L\^j^{G^'"\Fl x Fl)) (resp. L\^^{G^"\Fr x 
Fr)) ) is an extended left (resp. right) bilinear Hilbert semispace. ■ 



3.2.8 Bisemimotives 

Let us remark that, in the philosophy of bisemistructures, the Chow pure motives, recalled in 
section 1.2, become Chow pure bisemimotives consisting of pairs {Xr x Xi,CH^"(Xij x Xl)) 
where: 

• Xr X Xl is the product of an n -dimensional smooth projective right semivariety by its 
corresponding left equivalent; 

. CH2-(X« X Xl) - ^'^^^ 



ZUXr X Xl) 



In this new context of bilinearity, the motives thus acquire their letters patent of nobility, as 
hoped by A. Grothendieck. 
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